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Abstract. In this article, we examine the Bramble-Pasciak-Xu (BPX) preconditioner in the
setting of local 2D and 3D mesh refinement. While the available optimality results for the BPX
preconditioner have been constructed primarily in the setting of uniformly refined meshes, a notable
exception is the 2D result due to Dahmen and Kunoth, which established BPX optimality on meshes
produced by a restricted class of local 2D red-green refinement. The purpose of this article is to extend
the original 2D Dahmen-Kunoth result to several additional types of local 2D and 3D red-green
(conforming) and red (non-conforming) refinement procedures. The extensions are accomplished
through a 3D extension of the 2D framework in the original Dahmen-Kunoth work, by which the
question of optimality is reduced to establishing that locally enriched finite element subspaces allow
for the construction of a scaled basis which is formally Riesz stable. This construction in turn rests
entirely on establishing a number of geometrical properties between neighboring simplices produced
by the local refinement algorithms. These properties are then used to build Riesz-stable scaled bases
for use in the BPX optimality framework. Since the theoretical framework supports arbitrary spatial
dimension d ≥ 1, we indicate clearly which geometrical properties, established here for several 2D and
3D local refinement procedures, must be re-established to show BPX optimality for spatial dimension
d ≥ 4. Finally, we also present a simple alternative optimality proof of the BPX preconditioner on
quasiuniform meshes in two and three spatial dimensions, through the use of K-functionals and Hs-
stability of L2-projection for s ≥ 1. The proof techniques we use are quite general; in particular,
the results require no smoothness assumptions on the PDE coefficients beyond those required for
well-posedness in H1, and the refinement procedures may produce nonconforming meshes.
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1. Introduction. In this article, we analyze the impact of local adaptive mesh
refinement on the stability of multilevel finite element spaces and on the optimality
(linear space and time complexity) of multilevel preconditioners. Adaptive refine-
ment techniques have become a crucial tool for many applications, and access to
optimal or near-optimal multilevel preconditioners for locally refined mesh situations
is of primary concern to computational scientists. The preconditioners which can
be expected to have somewhat favorable space and time complexity in such local
refinement scenarios are the hierarchical basis (HB) method, the Bramble-Pasciak-
Xu (BPX) preconditioner, and the wavelet modified (or stabilized) hierarchical basis
(WHB) method. While there are optimality results for both the BPX and WHB
preconditioners in the literature, these are primarily for quasiuniform meshes and/or
two space dimensions (with some exceptions noted below). In particular, there are
few hard results in the literature on the optimality of these methods for various real-
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istic local mesh refinement hierarchies, especially in three space dimensions. In this
article, the first in a series of three articles [2, 3] on local refinement and multilevel
preconditioners, we assemble a number of such optimality results for the BPX precon-
ditioner in local refinement scenarios, in both two and three space dimensions. (The
material forming this trilogy is based on the first author’s Ph.D. dissertation [1].)
The second article [3] builds on the BPX results we present here to develop some
analogous optimality results for the WHB method in local refinement settings. The
main results in both articles are valid for any spatial dimension d ≥ 1, for nonsmooth
PDE coefficients p ∈ L∞(Ω), and allow for nonconforming meshes.

The problem class we focus on here and in [3] is linear second order partial
differential equations (PDE) of the form:

−∇ · (p ∇u) + q u = f, u ∈ H1
0 (Ω).(1.1)

Here, f ∈ L2(Ω), p, q ∈ L∞(Ω), p : Ω → L(Rd,Rd), q : Ω → R, where p is a
symmetric positive definite matrix function, and where q is a nonnegative function.
Let T0 be a shape regular and quasiuniform initial partition of Ω into a finite number
of d simplices, and generate T1, T2, . . . by refining the initial partition using either red-
green or red local refinement strategies in d = 2 or d = 3 spatial dimensions. Denote as
Sj the simplicial linear C0 finite element space corresponding to Tj equipped with zero
boundary values. The set of nodal basis functions for Sj is denoted by Φ(j) = {φ(j)

i }
Nj
i=1

where Nj = dim Sj is equal to the number of interior nodes in Tj , representing the
number of degrees of freedom in the discrete space. Successively refined finite element
spaces will form the following nested sequence:

S0 ⊂ S1 ⊂ . . . ⊂ Sj ⊂ . . . ⊂ H1
0 (Ω).(1.2)

Although the mesh is nonconforming in the case of red refinement, Sj is used within
the framework of conforming finite element methods for discretizing (1.1).

Let the bilinear form and the functional associated with the weak formulation
of (1.1) be denoted as

a(u, v) =
∫

Ω

p ∇u · ∇v + q u v dx, b(v) =
∫

Ω

f v dx, u, v ∈ H1
0 (Ω).

We consider primarily the following Galerkin formulation: Find u ∈ Sj , such that

a(u, v) = b(v), ∀v ∈ Sj .(1.3)

The finite element approximation in Sj has the form u(j) =
∑Nj
i=1 uiφ

(j)
i , where u =

(u1, . . . , uNj )
T denotes the coefficients of u(j) with respect to Φ(j). The resulting

discretization operator A(j) = {a(φ(j)
k , φ

(j)
l )}Njk,l=1 determines the interaction of basis

functions with respect to a(·, ·) and must be inverted numerically to determine the
coefficients u from the linear system:

A(j)u = F (j),(1.4)

where F (j) = {b(φ(j)
l )}Njl=1. Our task is to solve (1.4) with optimal (linear) complexity

in both storage and computation, where the finite element spaces Sj are built on
locally refined meshes. The condition number κΦ(j)(A(j)) of A(j) with respect to the
chosen basis Φ(j) provides an upper bound on the number of iterations required by
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conjugate gradient-type methods to produce an approximate solution (satisfying a
given fixed tolerance) to a linear system involving A(j). Therefore, it is desirable to
have an analysis framework for bounding the condition number produced by a given
basis, with the goal of finding bases which produce uniformly bounded condition
numbers (or at least condition numbers with slow growth).

The primary idea behind BPX and related multilevel preconditioners is the notion
of a stable splitting of u ∈ SJ ,

u =
J∑
j=0

(πj − πj−1)u,(1.5)

by linear operators πj : L2 → Sj such that πj |Sj = I and πjπk = πmin{j,k}, where
π−1 = 0. The splitting (1.5) or equivalently the hierarchical ordering of the nodes
gives rise to a hierarchical splitting

Sj = Sj−1 ⊕ Sfj ,(1.6)

where we will refer to Sfj as the slice space, and where the superscript f stands
for fine. The slice space Sfj is selected as a hierarchical complement of Sj−1 in Sj ,
namely Sfj = (πj − πj−1)Sj . By the properties of πj listed above, the two level direct
decomposition becomes (1.6)

Sj = Sj−1 ⊕ (I − πj−1)Sj .(1.7)

The particular splitting (1.5) defines a preconditioner B(J) through

(B(J)u, v) =
J∑
j=0

22jk((πj − πj−1)u, (πj − πj−1)v), u, v ∈ Sj , k = 1,(1.8)

where k is the smoothness parameter to accommodate higher order PDEs, and where
the factors 22j are dimension independent and simply reflect the dyadic refinement.
If B(J) is computationally feasible and is spectrally equivalent to A(J):

λB(J)(B(J)u, u) ≤ (A(J)u, u) ≤ ΛB(J)(B(J)u, u),(1.9)

then the efficiency of the preconditioner will be determined by
Λ
B(J)

λ
B(J)

since the condi-

tion number then satisfies κ(B(J)−1
A(J)) ≤ Λ

B(J)

λ
B(J)

. The spectral equivalence bounds
ΛB(J) and λB(J) are produced by analyzing the preconditioner norm:

‖u‖2B(J) ≡
J∑
j=0

22j‖(πj − πj−1)u‖2L2
,(1.10)

and in particular, by establishing that it is norm equivalent to the H1-norm:

c1 ‖u‖2B(J) ≤ ‖u‖2H1 ≤ c2 ‖u‖2B(J) .(1.11)

Here, we should clarify that stable splitting [23, 24] means that the corresponding
preconditioner will have favorable λB(J) and ΛB(J) , and in the best case, optimal
bounds (meaning absolute constants).
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The two level direct decomposition (1.7) and the choice of the finite element
interpolation Ij as πj was the introduction of the hierarchical basis (HB) meth-
ods [4, 5, 33, 35]. In local refinement settings, HB methods enjoy an optimal complex-
ity of O(Nj−Nj−1) per iteration per level (resulting in O(NJ) overall complexity) by
employing only degrees of freedom corresponding to Sfj by the virtue of (1.7). How-
ever, condition number of the HB preconditioner is not uniformly bounded, and while
it grows only slowly in 2D, the growth is rapid in 3D. The insight of Bramble, Pasciak,
and Xu in [11] was to replace Ij with Qj , the L2-projection onto Sj , producing the
famed BPX preconditioner. While it was eventually shown that the original BPX
preconditioner was optimal in uniform refinement settings [22, 23, 32], later varia-
tions [7, 9, 14, 24] also allowed for certain restricted types of local refinement. It should
be noted that an alternative to the BPX preconditioner is the direct stabilization of
the hierarchical basis due to Vassilevski and Wang [29, 30] and to Stevenson [27]; these
techniques are discussed in detail in the companion paper [3]. The motivation behind
these methods is that the BPX decomposition, Sj = Sj−1 ⊕ (Qj − Qj−1)Sj , gives
rise to globally supported basis functions but with rapid decay, allowing for locally
supported approximations [18].

Our primary interest here is the original BPX preconditioner, where the BPX
norm is defined as the preconditioner norm (1.10) using L2-projection:

‖u‖2BPX ≡
J∑
j=0

22j‖(Qj −Qj−1)u‖2L2
.(1.12)

The best case in (1.9) would be to obtain absolute constants c1, c2 in the norm
equivalence (1.11), so that the BPX preconditioner becomes optimal. In the original
work [11] the following suboptimal result was established with regularity assumptions:

c1
J
‖u‖2BPX ≤ ‖u‖2H1 ≤ c2J ‖u‖2BPX.(1.13)

There have been numerous contributions since the original work toward achieving opti-
mal upper and lower bounds in (1.11) under various assumptions, but primarily in the
uniform refinement setting [7, 32, 34, 37]. Oswald [22, 23] first proved the optimality
result for both two- and three-dimensional problems in the quasiuniform setting using
Besov space techniques, relying on the fact that the Sobolev space H1 coincides with
certain Besov spaces, and as a result the corresponding norms are equivalent. The two
primary results on optimality of BPX in local refinement settings are due to Dahmen
and Kunoth [14] and Bornemann and Yserentant [7]. Both works consider only two
space dimensions, and in particular, the refinement strategies analyzed are restricted
2D red-green refinement and 2D red refinement, respectively. In this paper, we ex-
tend the framework developed in [14] to several types of practical, implementable,
local red-green (conforming) and red (non-conforming) refinement procedures in both
two and three space dimensions, and establish that the BPX preconditioner is optimal
for the resulting finite element hierarchy.

Outline of the paper. In §2, we outline some basic approximation theory tools
for relating Besov and approximation spaces, such as Jackson and Bernstein estimates.
In §3 we outline the theoretical framework used by Dahmen and Kunoth, including
the norm equivalence results to be established in local refinement scenarios. In §4
and §5, we list the refinement conditions and additional rules for tetrahedralization
and triangulation for d = 3 and d = 2, respectively. We give several theorems about
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the generation and size relations of the neighboring simplices, thereby establishing
quasiuniformity for the simplices in the support of a basis function. In §6, we give
some additional generation bounds for the red refinement scheme. In §7, we use
these geometrical results to extend the 2D Dahmen-Kunoth results to the 2D and 3D
local refinement procedures of interest here, establishing the desired norm equivalence
(1.11). The geometrical properties established in §4, §5, and §6 lead to quasiuniformity
of the support which gives rise to an L2-stable Riesz basis; one can then establish the
Bernstein estimate. While it is not possible to establish a Jackson estimate due to
the nature of local adaptivity, in §8 the remaining inequality in the norm equivalence
is handled directly using approximation theory tools, as in the original work [14]. In
§9 we give an extremely simple BPX optimality proof for quasiuniform meshes using
K-functionals and Hs-stability of L2-projection for s > 1. Table 1.1 encapsulates the
optimality results we establish in this article.

Table 1.1

Collection of existing results and the ones proved in this article for the optimality of the BPX
preconditioner. r and r-g stand for red and red-green respectively.

Refinement 3D r 2D r 2D r in [7] 3D r-g 2D r-g
Reference This article This article [7] This article [14]
PDE coefficient p ∈ L∞ p ∈ L∞ p ∈ C1 p ∈ L∞ p ∈ L∞

As a final remark, we note that the question of Hs-stability of L2-projection
(primarily for s = 1) onto finite element spaces built through various local refinement
schemes is currently under intensive study in the finite element community due to
its relationship to multilevel preconditioning. The existing theoretical results, due
primarily to Carstensen [13] and Bramble-Pasciak-Steinbach [10] involve a posteriori
verification of somewhat complicated mesh conditions after local refinement has taken
place. If such mesh conditions are not satisfied, one has to redefine the mesh. However,
an interesting consequence of the BPX optimality results for locally refined 2D and
3D meshes established here is H1-stability of L2-projection restricted to the same
locally enriched finite element spaces. This result, which is established in [3] based on
the results here, appears to be the first a priori H1-stability result for L2-projection
on finite element spaces produced by practical and easily implementable 2D and 3D
local refinement algorithms.

2. Some approximation theory background. Let Ω ⊂ Rd be open, for ar-
bitrary k = 1, 2, . . . and h ∈ Rd, and define the subset

Ωk,h =
{
x ∈ Rd : [x, x+ kh] ⊂ Ω

}
.

Define the directional k-th order difference of f ∈ Lp(Ω) as

(
∆k
hf
)

(x) =
k∑
r=0

(
k
r

)
(−1)k−rf(x+ rh), x, h ∈ Rd.

A finer scale of smoothness than differentiability, modulus of smoothness, is a central
tool in the analysis.

Definition 2.1. Lp-modulus of smoothness

ωk(f, t,Ω)p = sup
|h|≤t

‖∆k
hf‖Lp(Ωk,h).
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The Besov space and the approximation space are the two crucial spaces borrowed
from approximation theory for norm estimates. Besov space becomes the primary
function space setting by realizing the Sobolev space as a Besov space:

Hs(Ω) ∼= Bs2,2(Ω), s > 0.

The analysis needed for functions in Sobolev space is done in the Besov space. The
primary motivation for employing the Besov space stems from the fact that the charac-
terization of functions which have a given upper bound for the error of approximation
sometimes calls for a finer scale of smoothness. Besov spaces are defined to be the
collection of functions f ∈ Lp(Ω) with a finite Besov norm defined as follows:

‖f‖Bsp,q(Ω) = ‖f‖Lp(Ω) + |f |Bsp,q(Ω),

where the seminorm is given by

|f |Bsp,q(Ω) = ‖{2sjωk(f, 2−j ,Ω)p}j∈N0‖lq ,

and k is any fixed integer larger than s.
The functions with finite BPX norm (1.12) also form a function space. This

class corresponds to a general class in approximation theory which is referred to as
the approximation space. It is the collection of functions f ∈ Lp(Ω) with a finite
approximation space norm defined as follows.

‖f‖Asp,q(Ω) = ‖{2sj‖(Qj −Qj−1)f‖Lp(Ω)}j∈N0‖lq .

The Bernstein and the Jackson estimates are the fundamental estimates utilized
in the analysis. The Bernstein estimate describes smoothness (or differentiability if
available) of the functions in SJ .

Definition 2.2. A Bernstein estimate has the form:

ωk+1(u, t)p ≤ c (min{1, t2J})β‖u‖Lp , u ∈ SJ ,(2.1)

where c is independent of u and J . Usually k = degree of the element and β > k.
On the other hand, both the Jackson estimate and the approximation inequality
characterize the approximation error in a coarser (or weaker) norm than the native
norm on the space containing the given function. For a given subset M ⊂ Lp(Ω),
consider the best approximation:

EM (f)p = inf
g∈M
‖f − g‖Lp , f ∈ Lp(Ω).

We are interested in getting estimates from above for EM (f)p when M coincides with
a finite element subspace. In the Besov space setting, E is characterized by modulus
of smoothness, and if a Sobolev space, Wα

p , setting is available, then it can also be
characterized by the Sobolev norm. This gives rise to different versions of the Jackson
estimate.

Definition 2.3. The Jackson estimate for Besov spaces is defined as follows:

ESJ (f)p ≤ c ωα(f, 2−J)p, f ∈ Lp(Ω).(2.2)

The analog of (2.2) in Sobolev spaces is called the best approximation inequality:

ESJ (f)p ≤ c (2−J)α|f |Wα
p
, f ∈Wα

p (Ω),(2.3)
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where c is a constant independent of f and J , and α is an integer.
The following norm equivalence (a part of Theorem 3.1) will be the primary step

in order to establish the main norm equivalence (1.11).

c1

v
(p)
J

‖u‖Asp,q ≤ ‖u‖Bsp,q ≤ c2‖u‖Asp,q , u ∈ SJ .(2.4)

The Bernstein estimates (2.1) are used for the upper bound and also dictates what
needs to be done for the lower bound. The subtle term v

(p)
J in (2.4) involves the error of

the best approximation. This is precisely where the Jackson estimate comes into play
in order to guarantee an absolute constant as the lower bound. Hence the Bernstein
estimates and the Jackson (approximation) estimates complement each other for the
purpose of achieving the norm equivalence (1.11).

Furthermore, if these estimates can be established, then one reaches an isomor-
phism between the approximation and Besov spaces. In particular, the embedding
Asp,q ↪→ Bsp,q becomes an implication of the Bernstein estimate (2.1). This is usually
referred to as the upper bound in the norm equivalence (2.4). The Jackson estimate
implies the embeddings in the opposite direction, Bsp,q ↪→ Asp,q, which establishes the
lower bound of (1.11).

3. Norm equivalences and optimality of the BPX preconditioner. The
work of Dahmen and Kunoth [14] established a theoretical framework for analyzing
the optimality of BPX for 2D local refinement. Their work was in fact the only
one to date which carefully examined a realistic, implementable type of 2D red-green
refinement and rigorously established optimality results. Our analysis for the 3D case
follows their outline for the 2D case. The focus of the analysis in the norm equivalence
is the quantity v(p)

J defined as follows.

v
(p)
j,J = sup

u∈SJ

‖u−Qju‖Lp
ωk+1(u, 2−j ,Ω)p

, v
(p)
J = max

{
1, v(p)

j,J : j = 0, . . . , J
}
.(3.1)

This quantity can be seen as a characterization of how well one can reach the Jackson
estimate (2.2) by using functions from SJ . The target norm equivalence between the
Besov space B1

2,2 and the approximation space A1
2,2 is established as we collect all

the results given in [14] related to the BPX preconditioner under one big theorem as
follows.

Theorem 3.1. Suppose the Bernstein estimate (2.1) holds for some real number
β > k. Then

• For each 0 < s < min{β, k + 1}, there exist constants 0 < c1, c2 < ∞
independent of u ∈ SJ , J = 0, 1, . . ., such that (2.4) holds:

c1

v
(p)
J

‖u‖Asp,q ≤ ‖u‖Bsp,q ≤ c2‖u‖Asp,q , u ∈ SJ .

• The following condition number estimate holds for the BPX preconditioner:

κ(B(J)−1/2
A(J)B(J)−1/2

) = O((v(2)
J )2), J →∞.(3.2)

• If in addition the Jackson estimate (2.3) holds for an integer α > k and
p = 2, then

v
(p)
J = O(1), J →∞,(3.3)
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holds, and as a result the condition number is optimal:

κ(B(J)−1/2
A(J)B(J)−1/2

) = O(1), J →∞.(3.4)

Proof. See Theorem 4.1, Proposition 4.1, Theorem 3.1, and Theorem 3.2 in [14],
respectively.

Due to the fact that the Jackson estimate cannot hold for local refinement, v(p)
J

must be estimated directly (see §8 for details). In the sections to follow, the emphasis
is on extending optimality results to local refinement. We extend the 2D red-green
refinement result in [14] to an analogous 3D red-green refinement procedure. We
give precise bounds on the size and generation relations between neighboring sim-
plices in the tetrahedralization. Motivated by applications in computer graphics and
animation, we also study 2D and 3D versions of the red refinement. The red refine-
ment produces nonconforming meshes. The same analysis and proof technique done
for red-green refinement naturally carries over to red refinement without violating
any required assumptions. As a result, we can employ v

(p)
J in the analysis both for

conforming and nonconforming settings.

4. 3D red-green refinement. We turn our attention to the optimality of the
BPX preconditioner for locally refined meshes in 3D. Dahmen and Kunoth [14] estab-
lished an optimality statement for the BPX preconditioner using the classical red-green
refinement procedure in 2D. We prove that the BPX preconditioner still preserves its
optimality for an analog of this procedure in 3D. In fact, it is the natural extension
of red-green refinement to 3D. The details of the procedure can be found in [6].

We first list a number of geometric assumptions we make concerning the under-
lying mesh. (The two-dimensional case is quite standard, so we only describe the
more complicated three-dimensional case here.) Let Ω ⊂ R3 be a polyhedral domain.
We assume that the triangulation Tj of Ω at level j is a collection of tetrahedra with
mutually disjoint interiors which cover Ω =

⋃
τ∈Tj τ . We want to generate successive

refinements T0, T1, . . . which satisfy the following conditions:
Assumption 4.1. Nestedness: Each tetrahedron (son) τ ∈ Tj is covered by

exactly one tetrahedron (father) τ ′ ∈ Tj−1, and any corner of τ is either a corner or
an edge midpoint of τ ′.

Assumption 4.2. Conformity: The intersection of any two tetrahedra τ, τ ′ ∈ Tj
is either empty, a common vertex, a common edge or a common face.

Assumption 4.3. Nondegeneracy: The interior angles of all tetrahedra in the
refinement sequence T0, T1, . . . are bounded away from zero.

A regular (red) refinement subdivides a tetrahedron τ into 8 equal volume sub-
tetrahedra. We connect the edges of each face as in 2D regular refinement. We then
cut off four subtetrahedra at the corners which are congruent to τ . An octahedron
with three parallelograms remains in the interior. Cutting the octahedron along the
two faces of these parallelograms, we obtain four more subtetrahedra which are not
necessarily congruent to τ . We choose the diagonal of the parallelogram so that the
successive refinements always preserve nondegeneracy [1, 6, 21, 36].

If a tetrahedron is marked for regular refinement, the resulting triangulation vi-
olates conformity A.4.2. Nonconformity is then remedied by irregular (green) refine-
ment. In 3D, there are altogether 26 = 64 possible edge refinements, of which 62 are
irregular. One must pay extra attention to irregular refinement in the implementa-
tion due to the large number of possible nonconforming configurations. Bey [6] gives
a methodical way of handling irregular cases. Using symmetry arguments, the 62
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irregular cases can be divided into 9 different types. To ensure that the interior an-
gles remain bounded away from zero, we enforce these additional conditions: (Similar
assumptions were made in [14] in 2D analogue)

Assumption 4.4. Irregular tetrahedra are not refined further.
Assumption 4.5. Only tetrahedra τ ∈ Tj with L(τ) = j are refined for the

construction of Tj+1, where L(τ) = min {j : τ ∈ Tj} denotes the level of τ .
One should note that the restrictive character of A.4.4 and A.4.5 can be elimi-

nated by a modification on the sequence of the tetrahedralizations [6]. On the other
hand, it is straightforward to enforce both assumptions in a typical local refinement
algorithm by minor modifications of the supporting datastructures for tetrahedral
elements (cf. [17]). In any event, the proof technique (see (8.7) and (8.8)) requires
both assumptions hold. The last refinement condition enforced for the possible 62
irregularly refined tetrahedra is stated as the following.

Assumption 4.6. If three or more edges are refined and do not belong to a
common face, then the tetrahedron is refined regularly. The generation bound for
simplices in Rd which are adjacent on d many vertices is the major result required
in the support of a basis function so that (7.1) holds. The generation bound for
simplices which are adjacent on d − 1, d − 2, . . . many vertices follows by using the
shape regularity and the generation bound established for d-vertex adjacency. We
provide rigorous generation bound proofs for all the adjacency types mentioned in the
lemmas to follow when d = 3.

Lemma 4.1. Let τ and τ ′ be two tetrahedra in Tj sharing a common face f . Then

|L(τ)− L(τ ′)| ≤ 1.(4.1)

Proof. (The original proof may be found in [1]; the 2D version appeared in [14].
3D extension works without additional framework.) If L(τ) = L(τ ′), then 0 ≤ 1,
there is nothing to show. Without loss of generality, assume that L(τ) < L(τ ′). Proof
requires a detailed and systematic analysis. To show the line of reasoning, we first
list the facts used in the proof:

1. L(τ ′) ≤ j because by assumption τ ′ ∈ Tj .
2. L(τ) < j (L(τ) < L(τ ′) ≤ j).
3. By assumption τ ∈ Tj , meaning that τ was never refined from the level it was

born L(τ) to level j.
4. Let τ ′′ be the father of τ ′. Then L(τ ′′) = L(τ ′)− 1 < j.
5. L(τ) < L(τ ′) by assumption, implying L(τ) ≤ L(τ ′′).
6. By (3), τ belongs to all the triangulations from L(τ) to j, in particular τ ∈
TL(τ ′′), where by (4) L(τ ′′) < j.

f is the common face of τ and τ ′ on level j. If τ ′ is obtained by regular refinement
of its father τ ′′, then f is still the common face of τ and τ ′′. But, by (6) both
τ, τ ′′ ∈ TL(τ ′′). Then, this would violate conformity A.4.2 for level L(τ ′′). Hence, τ ′

must have been irregular.
On the other hand, L(τ) ≤ L(τ ′) − 1 = L(τ ′′). Next, we proceed by eliminating

the possibility that L(τ) < L(τ ′′). If so, we repeat the above reasoning, and τ ′′

becomes irregular. τ ′′ is already the father of the irregular τ ′, contradicting A.4.4 for
level L(τ ′′). Hence L(τ) = L(τ ′′) = L(τ ′)− 1 concludes the proof.

By A.4.4 and A.4.5, every tetrahedron at any Tj is geometrically similar to some
tetrahedron in T0 or to a tetrahedron arising from an irregular refinement of some
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tetrahedron in T0. Then, there exist absolute constants c1, c2 such that

c1 size(τ̄) 2−L(τ) ≤ size(τ) ≤ c2 size(τ̄) 2−L(τ),(4.2)

where τ̄ is the father of τ in the initial mesh.
Lemma 4.2. Let τ and τ ′ be two tetrahedra in Tj sharing a common edge (two

vertices). Then there exists a finite number E depending on the shape regularity such
that

|L(τ)− L(τ ′)| ≤ E.(4.3)

Proof. Start with τ = τ1, obtain the face-adjacent neighbor τ2 (either of the two
faces), and then obtain the face-adjacent tetrahedron τ3 of τ2, repeat this process δ
times until you reach τ ′ = τδ. After you pick one of the two faces, the direction of
the face-adjacent tetrahedra is determined. δ is always a finite number due to shape
regularity. Lemma follows by face-adjacent neighbor relation (4.1).

Lemma 4.3. Let τ and τ ′ be two tetrahedra in Tj sharing a common vertex. Then
there exists a finite number V depending on the shape regularity such that

|L(τ)− L(τ ′)| ≤ V.(4.4)

Proof. Take one edge from τ and τ ′ where the edges meet at the common vertex.
By shape regularity, there exist η (a bounded number) many edge-adjacent tetrahedra
between τ1 = τ and τη = τ ′. By the above construction in Lemma 4.2, there exist
δ1,2 many face-adjacent tetrahedra between τ1 and τ2. We repeat this process until
we place δη−1,η many tetrahedra between τη−1 and τη. Hence, there exist

∑η−1
i=1 δi,i+1

face-adjacent tetrahedra between τ and τ ′. Again, face-adjacent neighbor relation
(4.1) concludes the lemma with V =

∑η−1
i=1 δi,i+1.

Consequently, simplices in the support of a basis function are comparable in size
as indicated in (4.5). This is usually called patchwise quasiuniformity. Furthermore, it
was shown in [1] that patchwise quasiuniformity (4.5) holds for 3D marked tetrahedron
bisection by Joe and Liu [19] and for 2D newest vertex bisection by Sewell [26] and
Mitchell [20]. Due to restrictive nature of the proof technique (see (8.7) and (8.8)),
we focus on refinement procedures which obey A.4.4 and A.4.5.

Lemma 4.4. There is a constant depending on the shape regularity of Tj and the
quasiuniformity of T0, such that

size(τ)
size(τ ′)

≤ c, ∀τ, τ ′ ∈ Tj , τ ∩ τ ′ 6= ∅.(4.5)

Proof. τ and τ ′ are either face-adjacent (d vertices), edge-adjacent (d−1 vertices),
or vertex-adjacent, and are handled by (4.1), (4.3), (4.4), respectively.

size(τ)
size(τ ′)

≤ c 2|L(τ)−L(τ ′)| size(τ̄)
size(τ̄ ′)

(by (4.2))

≤ c 2max{1,E,V } γ(0) (by (4.1), (4.3), (4.4) and quasiuniformity of T0)
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5. Red refinement. In red-green refinement, hanging nodes are closed by green
refinement. In this sense, green refinement is auxiliary or secondary to red refinement.
Red refinement has a number of attractive features when compared to red-green re-
finement. The type of red refinement under consideration here is exactly red-green
refinement without green closure. This version of red refinement can be interpreted
as a reduction of red-green refinement by deleting the impact of green closure. Hence,
in essence a red mesh can be turned into a red-green mesh when needed. Observe
that the red mesh in the middle is turned into a red-green mesh by green closure as
in the right mesh in Figure 5.1. This correspondence is especially useful in inheriting
certain properties in red refined meshes which are already established for red-green
refinement.

Fig. 5.1. Left: Coarse DOF, N0 = 8. Middle: a DOF created by red refinement, Nred
1 = 9.

Right: Green closure deployed, Nred−green
1 = 13.

Red refinement as a stand-alone procedure creates new degrees of freedom by
pairwise quadrasection or octasection. The resulting hanging nodes are not closed,
and therefore cannot be degrees of freedom (see the middle mesh in Figure 5.1 where a
new degrees of freedom is represented by a small square). The initial triangulation T0

gives rise to nested, but possibly nonconforming triangulations; see the middle mesh
in Figure 5.1. The father-son relationship (4.2) reduces to the simple expression:

size(τ) = size(τ̄) 2−L(τ).

Subspaces generated by red refinement spaces are sufficiently rich to handle any
desired type of singularity, but will not be as rich as the corresponding subspaces
generated by red-green refinement. A function u ∈ Sj is determined by its values
at degrees of freedom. Hanging nodes are always midpoints of edges connecting two
degrees of freedom. The values at hanging nodes are computed by linear interpolation
using the corresponding degrees of freedom at the ends of edges. Although the mesh
is nonconforming, we have well-defined basis functions which satisfy the Lagrange
property; see Figure 5.2.

A simplex in the red mesh can be expressed as a union of simplices in the cor-
responding red-green mesh. Hence, the red finite element space is a subspace of the
corresponding red-green finite element space. Similarly, any simplex in Tj can be
expressed as a union of simplices in the uniformly refined triangulations T̃j .

τ ∈ Tj , τ =
⋃
τ̃∈T̃j

τ̃ .(5.1)

Moreover, (5.1) implies that the basis functions which live on simplices of Tj can be
uniquely expressed by basis functions living on simplices of T̃j . This gives rise to the
most attractive property of red refinement: Sj is a true subspace of S̃j . The property
(5.1) is no longer valid if red refinement is supplemented with the green refinement.



12 B. AKSOYLU AND M. HOLST

Fig. 5.2. Basis functions on meshes created by two different red refinements. Left: Two DOF
created on edge-adjacent simplices. Right: Two DOF created on non-edge-adjacent simplices.

The fact that Sj ⊂ S̃j is quite convenient simply because the standard estimates
such as inverse inequalities and Cauchy-Schwarz like estimates which naturally hold
for S̃j are inherited by Sj without additional effort. Red refinement is also preferred
over red-green refinement in practical applications such as computer graphics. Two of
the favorable practical properties of red refinement are as follows. Valence (number of
edges meeting at a vertex) of all nodes except the coarsest ones is equal to 6, and the
shape regularity constant (ratio of the diameter of circumscribing over the inscribed
sphere) of the father simplex remains the same for any children in the ML hierarchy.
Moreover, red refinement can be programmed using relatively simple datastructures
such as quadtrees and octtrees.

Let us elaborate on the two different 2D red refinement procedures. The one
in [7] enforces the difference of levels of two simplices to be at most 1 if they have
at least one common node. This brings a patchwise uniform refinement flavor and
is closer to uniform refinement than the type of red refinement here. There is an
advantage of this type of refinement: All the subsimplices of a subdivided simplex
can be marked for further refinement. In our refinement, this holds only for a subset
of the subsimplices. On the other hand, one can introduce DOF inside a given patch
without uniformly refining the whole patch. This flexible behavior is exhibited in
Figure 5.2. Our 2D red refinement guarantees the BPX optimality for p ∈ L∞(Ω). In
addition, this framework supports an easy extension to any spatial dimension d ≥ 1.
The BPX optimality presented in [7] is restricted to p ∈ C1(Ω) with d = 2.

One has to modify the red-green refinement assumptions for red refinement. Nest-
edness A.4.1 is automatically satisfied. However, conformity in the sense of A.4.2 is
violated. Neighbor relations in A.4.2 are categorized as regular adjacency, and either
of the alternative relations, namely, intersection at a quarter of a face, a half of an
edge, and a hanging node is categorized as irregular adjacency. The latter category
will be characterized as f/4, e/2, and h respectively. In order to preserve nondegen-
eracy A.4.3, we substitute A.4.4 by the following analogous version designed for red
refinement.

Assumption 5.1. There can be at most one hanging node h on a given edge in
Tj.

A.4.5 and A.4.6 can remain as stated. A side remark about A.4.6 is that A.4.4
dictates a quadrasection rather than two bisections for a 2D simplex having two
hanging nodes, and an octasection rather than irregular refinement for a 3D simplex
having three or more hangings nodes that do not belong to a common face.
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6. Generation bounds. Assume that τ is a child simplex formed by regular
refinement, which now has an irregular adjacency with τ ′. Then green closure in the
case of red-green refinement gives rise to a child τ ′′ of τ ′ with L(τ ′′) = L(τ ′) + 1. By
A.4.5, τ and τ ′′ live on the same level. One returns to red refinement by undoing the
green closure, and finds that L(τ) = L(τ ′) + 1. Consequently, we have the following
generation bound for irregular adjacency:

|L(τ)− L(τ ′)| = 1, τ ∩ τ ′ = {f/4, e/2, h}.(6.1)

For regular adjacency, the generation bound (4.1) is still valid for face adjacent
τ and τ ′, neither of which has an irregular adjacency with the rest of the simplices.
However, if either one, say τ , has an irregular adjacency with any other simplex,
then after green closure, a child τ ′′ of τ ′ will have the generation bound (4.1) with τ .
Undoing the green closure can give rise to a case which can increase the generation
bound by 1.

|L(τ)− L(τ ′)| ≤ 2, τ ∩ τ ′ = f.(6.2)

Since we have generation bounds (6.1) and (6.2) for face adjacent simplices for ir-
regular and regular adjacencies respectively, a generation bound such as (4.3) for edge
adjacent follows by shape regularity with a larger bound than the red-green bound
due to irregular adjacencies. Similarly, an analog of (4.4) follows by an application of
the bound for edge adjacent simplices, the bound for irregular adjacency for the case
of hanging nodes, and by shape regularity.

Basis stability (7.10), and hence the Bernstein estimate (2.1) holds, and the ul-
timate goal, namely, the optimal BPX lower bound for red refinement, follows by
exactly the same analysis as done for the case of red-green refinement.

7. Establishing optimality of the BPX preconditioner. In this section,
we extend the Dahmen- Kunoth framework of to three spatial dimensions and the
extension closely follows the original work. However, the general case for d ≥ 1 spatial
dimensions is never presented in the literature, and we present it for completeness.

Our motivation is to form a stable basis in the following sense [24].

‖
∑
xi∈Nj

uiφ
(j)
i ‖L2(Ω) ' ‖{size1/2(supp φ

(j)
i ) ui}xi∈Nj‖l2 .(7.1)

The basis stability (7.1) will then guarantee that the Bernstein estimate (2.1) holds,
which is the first step in establishing the norm equivalence (2.4). For a stable basis,
functions with small supports have to be augmented by an appropriate scaling so
that ‖φ(j)

i ‖L2(Ω) remains roughly the same for all basis functions. This is reflected in
size(supp φ

(j)
i ) by defining:

Lj,i = min{L(τ) : τ ∈ Tj , xi ∈ τ}.(7.2)

Then

size(supp φ
(j)
i ) ' 2−dLj,i .

We prefer to use an equivalent stability and such basis is called L2-stable Riesz basis
(see section 2 and Remark 1 in [3]).

‖
∑
xi∈Nj

ûiφ̂
(j)
i ‖L2(Ω) ' ‖{ûi}xi∈Nj‖l2 ,(7.3)
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where φ̂(j)
i denotes the scaled basis, and the relationship between (7.1) and (7.3) is

given as follows:

φ̂
(j)
i = 2d/2Lj,i φ(j)

i , ûi = 2−d/2Lj,i ui, xi ∈ Nj .(7.4)

Remark 7.1. Our construction works for any d-dimensional setting with the
scaling (7.4). However, it is not clear how to define face-adjacency relations for d > 3.
If such relations can be defined through some topological or geometrical abstraction,
then our framework naturally extends to d-dimensional local refinement strategies, and
hence the optimality of the BPX preconditioner can be guaranteed in Rd, d ≥ 1.

The analysis is done purely with basis functions, completely independent of the
underlying mesh geometry. Since basis functions in red refinement are well-defined
(see Figure 5.2), hanging nodes do not pose any problems.

The element mass matrix gives rise to the following useful formula.

‖g‖2L2(τ) =
volume(τ)

(d+ 1)(d+ 2)
(
d+1∑
i=1

g(xi)2 + [
d+1∑
i=1

g(xi)]2),(7.5)

where, i = 1, . . . , d+ 1 and xi is a vertex of τ , d = 2, 3. In view of (7.5), we have that

‖φ̂(j)
i ‖

2
L2(Ω) = 2dLj,i

volume(supp φ̂
(j)
i )

(d+ 1)(d+ 2)
.

Since the min in (7.2) is attained, there exists at least one τ ∈ supp φ̂
(j)
i such

that L(τ) = Lj,i. By (4.2) we have

2Lj,i ' size(τ)
size(τ̄)

.(7.6)

Also,

volume(supp φ̂
(j)
i ) '

M∑
i=1

size3(τi), τi ∈ supp φ̂
(j)
i .(7.7)

By (4.5), we have

size(τi) ' size(τ).(7.8)

Combining (7.7) and (7.8), we conclude

volume(supp φ̂
(j)
i ) 'Msize3(τ).(7.9)

Finally then, (7.6) and (7.9) yield

2dLj,ivolume(supp φ̂
(j)
i ) 'M 1

size3(τ̄)
.

M is a uniformly bounded constant by shape regularity. One can view the size of any
tetrahedron in T0, in particular size of τ̄ , as a constant. The reason is the following:
A.4.4 and A.4.5 force every tetrahedron at any Tj to be geometrically similar to some
tetrahedron in T0 or to a tetrahedron arising from an irregular refinement of some
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tetrahedron in T0, hence, to some tetrahedron of a fixed finite collection. Combining
the two arguments above, we have established that

‖φ̂(j)
i ‖L2(Ω) ' 1, xi ∈ Nj .(7.10)

Let g =
∑
xi∈Nj ûiφ̂

(j)
i ∈ Sj . For any τ ∈ Tj we have that

‖g‖2L2(τ) ≤ c
∑

xi∈Nj,τ

|ûi|2‖φ̂(j)
i ‖

2
L2(Ω),(7.11)

where Nj,τ = {xi ∈ Nj : xi ∈ τ}, which is uniformly bounded in τ ∈ Tj and
j ∈ N0. By the scaling (7.4), we get equality in the estimate below. The inequality
is a standard inverse estimate where one bounds g(xi) using formula (7.5) and by
handling the volume in the formula by (4.2):

|ûi|2 = 2−dLj,i |g(xi)|2 ≤ c 2−dLj,i2dLj,i‖g‖2L2(τ).(7.12)

We sum up over τ ∈ Tj in (7.11) and (7.12), and by using (7.10) we achieve stability
(7.3). This allows us to establish the Bernstein estimate (2.1).

Lemma 7.1. For the scaled basis (7.4), the Bernstein estimate (2.1) holds for
β = 3/2

Proof. (7.10) with (7.11) and (7.12) assert that the scaled basis (7.4) is stable
in the sense of (7.3). Hence, (2.1) holds by Theorem 4 in [24]. Note that the proof
actually works independently of the spatial dimension.

8. Lower bound in the norm equivalence. In a locally refined mesh, the
Jackson estimate (2.3) holds only for functions whose singularities are somehow well-
captured by the mesh geometry. For instance, if a mesh is designed to pick up the
singularity at x = 0 of y = 1/x, then on the same mesh we will not be able to recover
a singularity at x = 1 of y = 1/(x− 1). Hence the Jackson estimate (2.3) cannot hold
for all functions f ∈W k

p . As pointed out above, some kind of a Jackson-like estimate
(2.2) can hold for special functions. In order to get the lower bound, we focus on
estimating v(2)

J directly, as in [14] for the 2D setting.
Let τ ∈ Tj be a tetrahedron with vertices x1, x2, x3, x4. Clearly the restrictions

of φ̂(j)
i to τ are linearly independent over τ where xi ∈ {x1, x2, x3, x4}. Then, there

exists a unique set of linear polynomials ψτ1 , ψ
τ
2 , ψ

τ
3 , ψ

τ
4 such that∫

τ

φ̂
(j)
k (x, y, z)ψτl (x, y, z)dxdydz = δkl, xk, xl ∈ {x1, x2, x3, x4}.(8.1)

For xi ∈ Nj and τ ∈ Tj , define a function for xi ∈ τ

ξ
(j)
i (x, y, z) =

{
1
Mi
ψτi (x, y, z), (x, y, z) ∈ τ

0, (x, y, z) 6∈ supp φ̂
(j)
i

,(8.2)

where Mi is the number of tetrahedra in Tj in supp φ̂(j)
i . By (8.1) and (8.2), we obtain

(ξ(j)
k , φ̂

(j)
l ) =

∫
Ω

ξ
(j)
k (x, y, z)φ̂l(x, y, z)dxdydz = δkl, xk, xl ∈ Nj .(8.3)
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We can now define a quasi-interpolant, in fact a projector onto Sj , such that

(Q̃jf)(x, y, z) =
∑
xi∈Nj

(f, ξ(j)
i )φ̂(j)

i (x, y, z).(8.4)

One can easily observe by (7.10) and (8.3) that

‖ξ(j)
i ‖L2(Ω) ' 1, xi ∈ Nj , j ∈ N0.(8.5)

Letting Ωj,τ =
⋃
{τ ′ ∈ Tj : τ ∩ τ ′ 6= ∅}, we can conclude from (7.10) and (8.5)

that

‖Q̃jf‖L2(τ) = ‖
∑

xk∈Nj,l

(f, ξ(j)
l )φ̂(j)

k ‖L2(τ) ≤ c‖f‖L2(Ωj,τ ).(8.6)

We define now a subset of the triangulation where the refinement activity stops,
meaning that all tetrahedra in T ∗j , j ≤ m also belong to Tm:

T ∗j = {τ ∈ Tj : L(τ) < j, Ωj,τ ∩ τ ′ = ∅, ∀τ ′ ∈ Tj with L(τ ′) = j}.(8.7)

Since there is no refinement activity on T ∗j , the finite element spaces are frozen
in the refinement hierarchy. That is, g ∈ Sm implies g ∈ Sj for j ≤ m. Note that
Q̃jg = g for g ∈ Sj . Hence,

‖g − Q̃jg‖L2(τ) = 0, τ ∈ T ∗j .(8.8)

Using the fact that Q̃j fixes polynomials of degree at most 1 (i.e. Π1(R3)) and
(8.6), we arrive:

‖g − Q̃jg‖L2(τ) ≤ ‖g − P‖L2(τ) + ‖Q̃j(P − g)‖L2(τ)

≤ c ‖g − P‖L2(Ωj,τ ), τ ∈ Tj \ T ∗j .(8.9)

We would like to bound the right hand side of (8.9) in terms of a modulus of
smoothness in order to reach a Jackson-type estimate. Following [14], we utilize a
modified modulus of smoothness:

ω̃k(f, t,Ω)pp = t−s
∫

[−t,t]s
‖∆k

hf‖
p
Lp(Ωk,h) dh.

They can be shown to be equivalent [15]: there exist 0 < c1, c2 <∞ such that

c1ω̃k(f, t,Ω)p ≤ ωk(f, t,Ω)p ≤ c2ω̃k(f, t,Ω)p.

(The equivalence of the two moduli of smoothness ωk and ω̃k in the one-dimensional
setting can be found in Lemma 5.1 in [15].)

For τ a simplex in Rd and t = size(τ), a Whitney estimate shows that [16, 22, 28]

inf
P∈Πk−1(Rd)

‖f − P‖Lp(τ) ≤ cω̃k(f, t, τ)p,(8.10)

where c depends only on the smallest angle of τ but not on f and t. The reason why
Q̃j works well for tetrahedralization in 3D is the fact that the Whitney estimate (8.10)
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remains valid for any spatial dimension. Tj \ T ∗j is the part of the tetrahedralization
Tj where refinement is active at every level. Then, in view of (4.5)

size(Ωj,τ ) ' 2−j , τ ∈ Tj \ T ∗j .

Taking the inf over P ∈ Πk−1(R3) in (8.9) and using the Whitney estimate (8.10) we
conclude

‖g − Q̃jg‖L2(τ) ≤ cω̃k(g, 2−j ,Ωj,τ )2.

Recalling (8.8) and summing over τ ∈ Tj \ T ∗j gives rise to

‖g − Q̃jg‖L2(Ω) ≤ cω̃2(g, 2−j ,Ω)2.

It is time to switch from the modified modulus of smoothness to the standard
one. Consequently,

‖g −Qjg‖L2(Ω) ≤ ‖g − Q̃jg‖L2(Ω) ≤ c ω2(g, 2−j ,Ω)2,

and (3.1) yields

v
(2)
J = O(1), J →∞.

9. Additional results. We present a simple optimality proof of the BPX pre-
conditioner using K-functionals, based on a critical insight pointed out by Bornemann
in [8].

Definition 9.1.

K(f, t;Lp(Ω),W k
p (Ω)) = inf

g∈Wk
p (Ω)

{
‖f − g‖Lp(Ω) + t|g|Wk

p (Ω)

}
,(9.1)

is called the K-functional for f ∈ Lp(Ω). Both modulus of smoothness and K-
functionals give direct information on the smoothness of f . We will use the extended
version of the Jackson estimate (2.3) where α ∈ R:

Definition 9.2. Let SJ ⊂ Y ⊂ Lp(Ω). We say that the approximation inequality
holds, if there exists α > 0 satisfying

ESJ (u)p ≤ c (2−J)α|u|Y , u ∈ Y.(9.2)

It is well known that the L2-projection is Hs-stable on quasiuniform meshes [12]:

|Qju|Hs ≤ c |u|Hs , ∀u ∈ Hs, 0 ≤ s ≤ 1.(9.3)

In addition, the approximation inequality (9.2) holds in the following form:

ESj (f)2 = ‖f −Qjf‖L2 ≤ c (2−j)s|f |Hs , f ∈ Hs, 0 ≤ s ≤ 2.

Using (9.2) and the Hs-stability of L2-projection:

‖Qju−Qj−1u‖L2 = ‖Qju−Qj−1Qju‖L2 ≤ c (2−j)s|Qju|Hs ≤ c (2−j)s|u|Hs .

The canonical suboptimal lower bound for the BPX preconditioner on quasiuniform
meshes can be obtained:

‖u‖2BPX ≤ c
J∑
j=0

|u|2Hs = c J |u|2Hs , s = 1.
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Next, we present a novel approach by using K-functionals to obtain the optimal
and suboptimal lower bound for quasiuniform meshes. We begin with a lemma that
characterizes the components of the BPX norm in terms of the K-functional.

Lemma 9.3. Let the approximation inequality (9.2) hold, then

‖(Qj −Qj−1)u‖L2 ≤ c K(u, 2−(j−1)s;L2,H
s).(9.4)

Proof. Let v ∈ Hs, then

‖(Qj −Qj−1)u‖L2 ≤ ‖u−Qj−1u‖L2

≤ ‖u− v‖L2 + ‖v −Qj−1v‖L2 + ‖Qj−1(u− v)‖L2

≤ 2‖u− v‖L2 + ‖v −Qj−1v‖L2

≤ c (‖u− v‖L2 + (2−(j−1))s|v|Hs) (by (9.2))
≤ c K(u, 2−(j−1)s;L2,H

s).

See Lemma 7.1 in [7] for an alternative proof.
Lemma 9.3 requires the approximation inequality which cannot be satisfied on

locally refined meshes for the reason stated in the beginning of §8. That is why our
optimality results will, for the moment, be limited to uniform refinement. If one
can establish the Hs-stability, s > 1, of the L2-projection, then we will show that
the optimal lower bound can be obtained. This approach will be taken in the next
theorem and it dramatically simplifies the optimality proof as is first suggested in [1].
However, to the authors’ knowledge, the Hs-stability, s > 1, of the L2-projection has
not appeared in the literature. Although the Hs-stability for s > 1 has not been
carefully studied, there is consensus [25, 31] that it can be established.

Theorem 9.4. If the L2-projection Qj−1 is Hs-stable as in (9.3), then for
• s = 1 + ε, we have ‖u‖2BPX ≤ c|u|2Hs ,
• s = 1, we have 1

J ‖u‖
2
BPX ≤ c|u|2Hs .

Proof. Qj−1 : L2 7→ Sj−1, also we know that Sj−1 ⊂ Hs.

K(u, 2−(j−1)s;L2,H
s) ≤ ‖u−Qj−1u‖L2 + (2−(j−1))s|Qj−1u|Hs
≤ c 2−(j−1)s|u|Hs .

The last step is due to the approximation inequality and the Hs-stability of the L2-
projection.

J∑
j=0

22j‖(Qj −Qj−1)u‖2L2
≤ c

J∑
j=0

22jK(u, 2−(j−1)s;L2,H
s)2 (by (9.4))

≤ c 22s
J∑
j=0

22j(1−s) |u|2Hs

≤ c |u|2Hs (s = 1 + ε > 1)

or ≤ c 1
J
|u|2Hs (s = 1).

The remaining piece for BPX optimality is the upper bound, and it is established
by using the Bernstein estimate (2.1) in the same way as in (2.4).
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Remark 9.1. It is interesting to note that the original BPX proof was improved to
optimal bounds by realizing that the Jackson estimate holds for Hs, s > 1, an insight
due perhaps to Bornemann [8]. The relationship between Hs-stability of L2-projection
and the Jackson estimate is currently unclear.
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